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MIRROR SYMMETRY: MONODROMY AND AUTOEQUIVALENCES
OF THE DERIVED CATEGORY
VALERY A. LUNTS
Abstract. For mirror symmetric families of (weak) Calabi-Yau varieties we study a con-
jecture of Kontsevich on the relation between the monodromy of one family and the action
on cohomology of the group of autoequivalences of the derived category of varieties in the
other family. After formulating a precise version of the conjecture we prove it for fam-
ilies of K3 surfaces and abelian varieties. We also discuss this conjecture for families of
Calabi-Yau hypersurfaces in toric Fano varieties.
1. Introduction
There exist several mathematical versions of mirror symmetry. It this paper we will be
interested in mirror duality between families of projective (weak) Calabi-Yau varieties. At
this time there exist many examples of such families. We suggest a conjectural relation
between the monodromy group of one family and the group of autoequivalences of the
derived category of the general member of the mirror family. To explain the conjecture let
us introduce some notation.
Let X/S be a family of smooth complex projective varieties over a connected base
S . Fixing a point s ∈ S we get the fundamental group π1(S, s) and its monodromy
representation
µ : π1(S, s)→ Gl(H•(Xs,Q))
in the cohomology H•(Xs,Q) of the fiber Xs . We denote by Gmon(X ) the image of µ .
This is a discrete group whose isomorphism class does not depend on the choice of a point
s ∈ S . It is called the monodromy group of X .
On the other hand for a smooth projective variety X one has the group of autoequiva-
lences AutDb(X) of the derived category Db(X) = Db(cohX) that acts naturally on the
cohomology H•(X,Q) . We denote the image of this group in Gl(H•(X,Q)) by Geq(X) .
Given a family X of smooth projective varieties we denote by Geq(X ) the group Geq(Xs)
for a general fiber Xs of X .
Definition 1.1. The equivalence relation ∼ on the collection of discrete groups is generated
by allowing to replace a group G by a subgroup of finite index or by the quotient of G by
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a finite normal subgroup. If G ∼ G′ we say that G and G′ are isomorphic up to finite
groups.
Conjecture 1.2. Let X and X∨ be mirror dual families of complex smooth projective
Calabi-Yau varieties. Then the groups Gmon(X ) and Geq(X∨) are isomorphic up to finite
groups.
(See Conjecture 2.4 below for a more precise formulation.)
We test our conjecture in the following three series of examples.
(I). Dolgachev-Nikulin-Pinkham mirror dual families of lattice polarized K3 surfaces [Dolg],[Pink]
(II). Mirror dual families of abelian varieties. In fact we first define the notion of mirror
symmetric families of abelian varieties building on the work [GLO].
(III). Mirror dual families of anticanonical Calabi-Yau divisors in dual Fano toric varieties
[Bat].
In cases (I) and (II) we actually prove our conjecture and in case (III) we only have some
partial results.
When this paper was nearly complete we found the following sentence in the introduction
section of [BorHor]: ”... Kontsevich [Kon] conjectured that the action on cohomology of
the group of self-equivalences of the bounded derived category of coherent sheaves on a
smooth projective CalabiYau variety matches the monodromy action on the cohomology of
the mirror CalabiYau variety associated to the variations of complex structures.” So our
Conjecture 1.2 is essentially due to Kontsevich. Moreover, some aspects of this conjecture
were already studied in [Hor] and in [Szen]. However, the intersection of results in loc. cit.
with ours appears to be minimal.
The paper is organized as follows. Section 2 collects some general results on Fourier-Mukai
transforms, gives the definition of the monodromy in a somewhat nonstandard situation, and
finally states the precise version of our conjecture. In sections 3 and 4 we deal with mirror
symmetry for families of K3 surfaces and abelian varieties respectively. In both cases the
conjecture is proved. In the last section 5 we discuss the case of Calabi-Yau hypersurfaces
in toric varieties and prove some partial results in the direction of the conjecture.
Alex Furman helped us with the proof of Lemma 4.32. Michael Larsen, Igor Dolgachev,
Daniel Huybrechts and Victor Batyrev answered many of our questions. Paul Horja sent us
his notes of Kontsevich’s talk [Kon] and Balazs Szendroi informed us of the paper [Szen].
It is our pleasure to thank all of them.
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2. Some generalities and precise formulation of the main conjecture
2.1. Notation. We consider complex smooth projective varieties. For such a variety X ,
H•(X,Q) denotes the singular cohomology of the corresponding analytic manifold. The
bounded derived category of coherent sheaves on X is denoted by Db(X) . Its group of
autoequivalences is AutDb(X) . There exists the Chern character map
ch : Db(X)→ H•(X,Q)
Let
√
tdX ∈ H•(X,Q) be the square root of the Todd class of X . For F ∈ Db(X) one
defines its Mukai vector v(F ) [Huyb, 5.28] as
v(F ) := ch(F ) ∪
√
tdX ∈ H•(X,Q)
2.2. Action of the group AutDb(X) on the cohomology H•(X,Q) . There is a natural
homomorphism of groups ρX : AutD
b(X)→ Gl(H•(X,Q)) . Let us recall it.
Consider the two projections X
p← X × X q→ X . It is known [Or1] that any autoe-
quivalence Φ ∈ AutDb(X) is given by a Fourier-Mukai functor ΦE for a unique kernel
E ∈ Db(X ×X) . That is
Φ(−) = ΦE(−) := Rq∗(p∗(−)⊗ E)
This operation is compatible with the Mukai vector in the following sense. Any e ∈ H•(X×
X) defines the corresponding cohomological transform ΦHe
ΦHe (−) = q∗(p∗(−) ∪ e) : H•(X,Q)→ H•(X,Q)
Then for any kernel E ∈ Db(X ×X) , and F ∈ Db(X) we have
ΦHv(E)(v(F )) = v(ΦE(F ))
[Huyb, 5.29] and the correspondence ΦE 7→ Φv(E) is the group homomorphism
ρX : AutD
b(X)→ Gl(H•(X,Q))
[Huyb, 5.32]. We note for future reference that the action of AutDb(X) on H•(X,Q)
preserves the Mukai pairing [Huyb, 5.44], which is nondegenerate and is a modification of
the Poincare pairing [Huyb, 5.42].
Definition 2.1. We denote by Geq(X) the image of the homomorphism ρX .
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2.3. Monodromy group. Besides considering mirror dual universal families of CY vari-
eties we also want to study the case when only coarse moduli spaces exist. Let us make
a rather ad hoc definition of the monodromy group in that case. The definition seems
reasonable and suffices for our purposes.
Let f : X → S be a continuous map of topological spaces which is a locally trivial
fibration and whose fibers are compact complex manifolds (with certain additional structure,
for example, an embedding in a projective space (a polarization) or a multi-polarization, or
a fixed sublattice in the Neron-Severi group). Assume that S is connected. Assume also
that the (graded) local system R•f∗QX is trivial. Let G be a discrete group that acts on
S and this action lifts to an action on the local system R•f∗QX . Let K ⊂ G denote the
kernel of the G -action on S . So elements of K act by fiberwise automorphisms of the
local system R•f∗QX . Suppose that the following holds:
1. The G -action on the space of global sections H0(S,R•f∗QX ) is effective.
2. The G/K -action on S is generically free. More precisely there exists a countable
union Z ⊂ S of closed subsets such that the complement S0 := S\Z is everywhere
dense and G/K -action on S0 := S\Z is free.
3. The quotient space S0 := S0/G = S0/(G/K) is the coarse moduli space of complex
manifolds (with the given additional structure) appearing as fibers in the family f
over S0 (that is, points of S0 are in bijection with isomorphism classes of fibers in
the family X|S0 .)
Definition 2.2. In the above situation we call G/K the monodromy group of the family
f : X → S . We denote this group Gmon(X ) . (In case the G/K -action on S0 is free only
modulo a finite kernel, we say the G/K is the monodromy group up to finite groups).
If the G -action of S is free and S = S/G is a fine moduli space, i.e. the family
f : X → S descends to a universal family f : X → S , the group G = Gmon(X ) coincides
with the monodromy group of the local system R•f∗QX .
Remark 2.3. We will show that in case of mirror symmetric families of abelian varieties
or lattice polarized families of K3 surfaces there exists the monodromy group in the sense
of Definition 2.2.
2.4. Main conjecture. Given a family X/S of smooth projective varieties (over an an-
alytic base S ) we denote by Geq(X ) the group Geq(Xs) for a general fiber Xs of X .
Typically a fiber is general if it lies outside of a countable union of analytic subvarieties of
the base S .
Our main conjecture is the following.
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Conjecture 2.4. Let X and X∨ be mirror dual families of complex smooth projective
(weakly) Calabi-Yau varieties. Then the groups Gmon(X ) and Geq(X∨) are isomorphic up
to finite groups.
3. Lattice polarized K3 surfaces
Let us recall the notion of a lattice polarized K3 surface and their moduli spaces. We
follow [Dolg]. First we review the classical theory of moduli space of K3 surfaces [K3].
3.1. Moduli space of K3 surfaces. A compact 2-dimensional simply connected complex
manifold X is called a K3 surface if it has a nowhere vanishing holomorphic 2-form. Every
K3 surface is Kahler [K3, Exp. XII]. The odd cohomology of X vanishes and the Hodge
numbers are
h0,0 = h2,2 = h2,0 = h0,2 = 1, h1,1 = 20
Let L be the even unimodular lattice of signature (3, 19) which is the direct sum
L = (−E8)⊕2 ⊕ (U)⊕3
(U is the 2-dimensional hyperbolic lattice). Then the second cohomology group H2(X,Z)
with the Poincare pairing is isomorphic to L . A general K3 surface is not algebraic.
Definition 3.1. A marked K3 surface (X,u) is a K3 surface X with an isomorphism of
lattices u : H2(X,Z)→ L .
The following theorem is proved in [K3, Exp. XIII].
Theorem 3.2. There exists a fine moduli space M of marked K3 surfaces.
The moduli space M is a non-separated analytic space. By definition it comes with the
universal family f : U →M of marked K3 surfaces. The orthogonal group Γ = O(L) acts
naturally of M by changing the marking γ · (X,u) = (X, γ · u) and the quotient M/Γ
the set of isomorphism classes of K3 surfaces, i.e. M/Γ is the coarse moduli space of K3
surfaces. However, the action of Γ on M is not proper (because the stabilizer of a point
(X,u) is isomorphic to the automorphism group of X , which may be infinite) and there is
no reasonable analytic structure on the set M/Γ .
Given a marked K3 surface (X,u) , the image of the line H2,0(X) under the map uC :
H2(X,C)→ LC = C22 defines a point in the corresponding projective space P(LC) = P21 .
This point lies in the period domain Ω ⊂ P21 consisting of points {ω ∈ P21 | (ω, ω) =
0, (ω, ω) > 0} and so one gets the period map
(3.1) P : M→ Ω
It is known that the map P is holomorphic, etale and surjective [K3, Ex. XIII].
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Lemma 3.3. Let g ∈ O(L) , g 6= ±1 . The collection of marked K3 surfaces
Eg := {(X,u)| uC(H2,0) is an eigenvector of gC }
is contained in a proper analytic subspace of M .
Proof. It suffices to prove that the image P (Eg) is contained in a proper analytic subspace
of the period domain Ω . Our assumption on g means that it is not a scalar operator.
Thus eigenvectors of gC are contained in a union of proper linear subspaces of LC . But
the period domain Ω , being an open subset of a nondegenerate quadric, is not contained
in any hyperplane in P21 , which proves the lemma. 
Corollary 3.4. Consider f : U →M as the family of (unmarked) K3 surfaces. Then the
group Γ = O(L) is its monodromy group (Definition 2.2).
Proof. In terms of Definition 2.2 we have S = M , X = U , G = O(L) , K = {1} . The
marking defines a canonical trivialization of the local system R•f∗QU . Clearly the O(L) -
action on Q⊕LQ⊕Q = H0(M,R•f∗QU) is effective. Since M/Γ is a coarse moduli space
of K3 surfaces, it remains to show that away from a countable number of analytic subsets
the O(L) -action on M is free.
Let 1 6= g ∈ O(L) and assume that (X,u) ∈ Mg . For simplicity of notation let us
identify H2(X,Z) with L by means of u . Then there exists an automorphism φ : X → X
such that φ∗ : H2(X,C) → H2(X,C) equals gC . Since H2,0(X) is in an eigenspace of
φ∗ . Lemma 3.3 implies that (X,u) is contained in a proper analytic subspace Eg of M ,
unless g = ±1 . We excluded the case g = 1 , and g = −1 does not correspond to an
automorphism of X .
Since O(L) has countable many elements, the subset of M on which the O(L) -action
is free is the complement of countably many proper analytic subsets, hence in particular it
is everywhere dense. 
3.2. Lattice polarized K3 surfaces and their moduli spaces. Let X be a projective
K3 surface. It is known that the first Chrn class map
c : Pic(X)→ H2(X,Z)
is injective. By Hodge index theorem Pic(X) is a lattice of signature (1, t) .
Let M be an even non-degenerate lattice of signature (1, s) .
Definition 3.5. An M -polarized K3 surface is a pair (X, j) , where X is K3 surface
and j : M →֒ Pic(X) is a primitive lattice embedding. Two M -polarized K3 surfaces
(X, j) and (X ′, j′) are called isomorphic if there exists an isomorphism f : X → X ′ such
that j = f∗ · j′ .
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Remark 3.6. Notice that any M -polarized K3 surface X is projective. Indeed, by the
signature assumption there exists q ∈M such that (q, q) > 0 . So there exists a line bundle
L ∈ Pic(X) with c1(L)2 > 0 . This implies that X is projective [Kod, Thm. 8].
Now assume that we are given a primitive embedding of lattices a :M →֒ L .
Definition 3.7. A marked M -polarized K3 surface is a triple (X, j, u) such that (X,u)
is a marked K3 surface, (X, j) is an M -polarized K3 surface and in addition
a = u · j :M → L
Two marked M -polarized K3 surfaces are isomorphic if they are isomorphic as marked K3
surfaces (and hence also as M -polarized K3 surfaces).
Clearly, a marked M -polarized K3 surface surface (X, j, u) is uniquely determined by
the corresponding marked K3 surface (X,u) .
Let N := M⊥L be the orthogonal complement of M in L . We have the inclusion of
projective spaces P(NC) ⊂ P(LC) and put ΩM := Ω ∩ P(NC) . This is the period domain
for M -polarized K3 surfaces. Similarly to Theorem 3.2 one can prove the following [Dolg]
Theorem 3.8. (1) There exists a fine moduli space MM of marked M -polarized K3
surfaces. It is a non-separated analytic space, which is an analytic subspace of M . The
universal family fM : UM →MM is the restriction of the universal family f : U →M .
(2) The obvious period map PM : MM → ΩM is analytic, etale and surjective.
(3) The diagram of analytic maps
MM →֒ M
PM ↓ P ↓
ΩM →֒ Ω
commutes.
Consider the group
ΓM = {σ ∈ O(L) | σ(m) = m for all m ∈ a(M) }
This group acts on the space MM in the obvious way: σ(X, j, u) = (X, j, σ · u) .
Notice that the above concepts of a marked M -polarized K3 surface, the moduli space
MM , and the group ΓM only make sense after we have made a choice of a primitive lattice
embedding a :M →֒ L . As in [Dolg] we consider the following condition on the lattice M :
(U) For any two primitive embeddings a1, a2 : M →֒ L , there exists an isometry σ :
L→ L such that σ · a1 = a2 .
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Lemma 3.9. Assuming condition (U), the quotient space MM/ΓM is the coarse moduli
space of M -polarized K3 surfaces.
Proof. The assumption (U) means that any M -polarized K3 surface (X, j) can be com-
plemented to a marked M -polarized K3 surface. Indeed, choose any lattice isomorphism
u : H2(X,Z) → L . Then by condition (U) there exists an automorphism σ : L → L ,
such that (X, j, σ · u) is a marked M -polarized K3 surface. In particular, the forgetful
map (X, j, u) 7→ (X, j) from isomorphism classes of marked M -polarized K3 surfaces to
isomorphism classes of M -polarized K3 surfaces is surjective. Obviously, the group ΓM
acts on the fibers of this map.
It remains to show that given marked M -polarized K3 surfaces (X, j, u) and (X ′, j′, u′)
such that (X, j) ≃ (X ′, j′) , there exists a τ ∈ ΓM , such that (X, j, u) ≃ (X ′, j′, τ · u′) . So
assume that there exists an isomorphism φ : X → X ′ such that
j = φ∗ · j′ :M → Pic(X) ⊂ H2(X,Z)
Then the automorphism τ := u ·φ∗ · (u′)−1 : L→ L is the identity on a(M) , i.e. τ ∈ ΓM ,
which means that φ induces an isomorphism (X, j, u) ≃ (X ′, j′, τ · u′) . 
Remark 3.10. We note for future reference that ΓM is a subgroup of finite index in the
orthogonal group O(N) (N =M⊥L ) [Dolg, Prop. 3.3].
Proposition 3.11. Assume that condition (U) holds. Consider fM : UM → MM as a
family of (unmarked) M -polarized K3 surfaces. Then its monodromy group is isomorphic
to ΓM up to finite groups.
Proof. The marking defines a canonical trivialization of the local system R•fM∗QUM on
MM and clearly the ΓM -action on Q⊕LQ⊕Q = H0(MM ,R•fM∗QUM ) is effective. Since
MM/ΓM is the coarse moduli space of M -polarized K3 surfaces (Lemma 3.9), it remains
to show that the ΓM -action on MM is generically free modulo a finite kernel.
As in the proof of Corollary 3.4 it is enough to show that ΓM acts generically free modulo
a finite kernel on the period domain ΩM = Ω∩P(NC) (Theorem 3.8). Since ΓM ⊂ O(N) it
suffices to analyze the O(N) -action on ΩM . Applying a version of Lemma 3.3 with O(N)
and ΩM instead of O(L) and Ω , we find that O(N) acts generically free on ΩM modulo
its center {±1}O(N) . It follows that ΓM acts generically free on ΩM modulo its central
subgroup ΓM ∩ {±1}O(N) . Hence ΓM acts on MM either generically free or generically
free modulo ΓM ∩ {±1}O(N) . 
3.3. Mirror symmetric families of lattice polarized K3 surfaces. Let M be a lattice
as above with a fixed primitive embedding of lattices M →֒ L . We will identify M with its
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image in L . Under some technical conditions on the sublattice M ⊂ L and also depending
on some additional choices one defines the mirror dual sublattice M∨ ⊂ L [Dolg]. It is a
sublattice of the orthogonal complement N =M⊥L and there is a direct sum decomposition
N =M∨ ⊕ U
The signature of M∨ is (1, 18 − s) (if the signature of M is (1, s) ). In good cases
M∨∨ =M and (M∨)⊥L =M ⊕ U
Definition 3.12. In the above notation we consider the universal families fM : UM →MM
and fM∨ : UM∨ →MM∨ as mirror symmetric families of lattice polarized K3 surfaces.
Our main result is the following.
Theorem 3.13. In the above notation assume that the lattices M and M∨ satisfies con-
dition (U). Then the groups Gmon(UM∨) and Geq(UM ) are isomorphic up to finite groups.
That is, Conjecture 2.4 holds for mirror symmetric families of lattice polarized K3 surfaces.
3.4. Proof of Theorem 3.13. The proof will take several steps.
By assumption we have sublattices M,M∨ ⊂ L of signatures (1, s) and (1, 18 − s)
respectively that satisty
(M∨)⊥L =M ⊕ U
By Proposition 3.11 the monodromy group of the family UM∨ is isomorphic up to finite
groups to
ΓM∨ = {σ ∈ O(L) | σ(m) = m for all m ∈M∨ }
We have the natural injective homomorphism ΓM∨ →֒ O((M∨)⊥L ) = O(M ⊕ U) and by
Remark 3.10 the image is a subgroup of finite index. Therefore Gmon(UM∨) is isomorphic
up to finite groups to the group O(M⊕U) , and it suffices to prove the following proposition.
Proposition 3.14. For a general M -polarized K3 surface X the group Geq(X) is iso-
morphic up to finite groups to O(M ⊕ U) .
Proof. By Remark 3.6 any M -polarized K3 surface is projective. For any projective K3
surface Y the group Geq(Y ) is well known. Let us recall its description following [Huyb,
Ch. 10].
First, the group Geq(Y ) ⊂ Gl(H•(Y,Q)) preserves the lattice H•(Y,Z) . One introduces
the (negative of) Mukai pairing on
H•(Y,Z) = H2(Y,Z)⊕ (H0(Y,Z)⊕H4(Y,Z))
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which coincides with the Poincare pairing on H2(Y,Z) and differs from it by a sign on
H0(Y,Z) ⊕ H4(Y,Z) ; so that H•(Y,Z) becomes an even unimodular lattice abstractly
isomorphic to (−E8)⊕2 ⊕ U⊕4 . Denotes this Mukai lattice H•(Y,Z) by H˜(Y,Z) .
Then one defines a weight-two Hodge structure on H˜(Y,Z) by declaring H0(Y,C) ⊕
H4(Y,C) to be of type (1,1) and keeping the standard structure on H2(Y,C) , so that
H˜1,1(Y ) = H1,1(Y )⊕H0(Y )⊕H4(Y ), and H˜2,0(Y ) = H2,0(Y )
The group of Hodge isometries of H˜(Y,Z) is by definition the subgroup of O(H˜(Y,Z))
which preserves this Hodge structure. We denote this group Ohdg(H˜(Y,Z)) .
Theorem 3.15. For any projective K3 surface Y , the group Gev(Y ) ⊂ Gl(H˜(Y,Z)) is
contained in Ohdg(H˜(Y,Z)) and it contains a subgroup of index two in Ohdg(H˜(Y,Z)) . In
particular the groups Gev(Y ) and Ohdg(H˜(Y,Z)) are isomorphic up to finite groups.
Proof. See [Huyb, 10.7, 10.12]. 
So for the proof of Proposition 3.14 it remains to show that for a general M -polarized K3
surface X the groups O(M ⊕ U) and Ohdg(H˜(X,Z)) are isomorphic up to finite groups.
For an M -polarized K3 surface (X, j) we will identify M with its image j(M) ⊂
Pic(X) .
Consider the extension of the sublattice M ⊂ H2(X,Z) to the primitive sublattice
M˜ := M ⊕H0(X,Z) ⊕H4(X,Z)
of H˜(X,Z)) . Then abstractly M˜ ≃ M ⊕ U and M˜⊥
H˜(X,Z)
= N . In particular O(M˜) =
O(M ⊕ U) .
Lemma 3.16. For a general M -polarized K3 surface X we have the equality M =
Pic(X) .
Proof. It follows from the assumption (U) on the lattice M that any M -polarized K3
surface can be complemented to a marked M -polarized K3 surface (see proof of Lemma
3.9). So it suffices to prove the equality M = Pic(X) for a general marked M -polarized K3
surface X . Given such a surface X we consider the corresponding point [X] ∈ MM and
its image PM ([X]) ∈ ΩM in the period domain. If l ∈ Pic(X) , then PM ([X]) ∈ ΩM ∩ l⊥L
and unless l ∈ M , this intersection ΩM ∩ l⊥L is a proper analytic subset of ΩM . So
P−1M (ΩM ∩ l⊥L ) is a proper analytic subset of MM (Theorem 3.8). Because MM is a Baire
space it is not a countable union of nowhere dense subsets. This proves the lemma. 
The lemma implies that in the proof of Proposition 3.14 we may only consider M -
polarized K3 surfaces X such that M = Pic(X) . Let X be such a surface. Then
H˜1,1(X) ∩ H˜(X,Z) = Pic(X) ⊕H0(X,Z)⊕H4(X,Z) = M˜
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which means that the group Ohdg(H˜(X,Z)) preserves the sublattice M˜ ⊂ H˜(X,Z) and
hence also its orthogonal N = M˜⊥
H˜(X,Z)
. So Ohdg(H˜(X,Z)) ⊂ O(M˜ )×O(N) .
First we claim that for a general X with M = Pic(X) and g ∈ Hhdg(H˜(X,Z)) the
restriction g|N is a scalar operator ±1 . Indeed, the subspace H2,0(X) ⊂ NC consists of
eigenvectors of gC . Using Theorem 3.8 and a version of Lemma 3.3 with N instead of L
we find that if g|N is not a scalar, then g /∈ Hhdg(H˜(X,Z)) for a general M -polarized X .
So g|N = ±1 . It follows that Hhdg(H˜(X,Z)) ⊂ O(M˜)× {±1} .
Next we claim that Hhdg(H˜(X,Z)) is a subgroup of finite index in O(M˜)×{±1} (which
implies Proposition 3.14). Indeed, since M˜ ⊕ N is a sublattice of H˜(X,Z) of full rank
the intersection A := O(M˜ ⊕ N) ∩ O(H˜(X,Z)) is a subgroup of finite index in both
O(M˜ ⊕ N) and O(H˜(X,Z)) . Consider B := A ∩ (O(M˜ ) × {±1}) . Then B has finite
index in O(M˜)× {±1} and we claim that B = Hhdg(H˜(X,Z)) . Indeed, let b ∈ B . Then
by definition b ∈ O(H˜(X,Z)) , and also b|NC = ±1 . Therefore bC preserves the lines
H˜2,0(X), H˜0,2(X) ⊂ NC and hence also the subspace
H˜1,1(X) = (H˜2,0(X)⊕ H˜0,2(X))⊥
H˜(X,C))
Thus b ∈ Ohdg(H˜(X,Z)) . This proves Proposition 3.14 and Theorem 3.13. 
4. Mirror symmetry for abelian varieties
In [GLO] there was defined a notion of mirror symmetry for algebraic pairs (see Definition
4.15 below). An algebraic pair (A,ω) consists of an abelian variety A and an element ω
of the complexified ample cone of A (Definition 4.12). Building on this work we define the
notion of mirror symmetric families of abelian varieties (Definition 4.24). Then we prove
the main Conjecture 2.4 for such families. We start by recalling some relevant facts about
abelian varieties.
4.1. Complex tori and abelian varieties. [Mu1], [BirLa], [GLO].
4.1.1. Let Γ ≃ Z2n be a lattice, V = Γ ⊗ R ≃ R2n and J ∈ EndR(V ) , s.t. J2 = −1 .
That is J is a complex structure on V . This way we obtain an n -dimensional complex
torus
A = (V/Γ, J).
Note the canonical isomorphisms
Γ = H1(A,Z), V = H1(A,R).
Sometimes we will write ΓA, VA, JA .
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Given another complex torus B = (VB/ΓB, JB) , the group Hom(A,B) consists of ho-
momorphisms f : ΓA → ΓB such that
JB · fR = fR · JA : VA → VB
Thus the abelian group Hom(A,B) can be considered as a subgroup of Hom(ΓA,ΓB) .
4.1.2. One has the dual torus Aˆ defined as follows. Put Γ∗ = HomZ(Γ,Z), V ∗ = Γ∗⊗R =
Hom(V,R) and Jˆ : V ∗ → V ∗ , s.t. (Jˆw)(v) = w(−Jv) for v ∈ V,w ∈ V ∗ . Then by
definition
Aˆ = (V ∗/Γ∗, Jˆ).
4.1.3. Denote by PicA the Picard group of A . Let Pic
0
A ⊂ PicA be the subgroup of
line bundles with the trivial Chern class. It has a natural structure of a complex torus.
Moreover, there exists a natural isomorphism of complex tori
Aˆ ≃ Pic0A .
Every line bundle L on A defines a morphism φL : A→ Aˆ by the formula
φL(a) = T
∗
aL⊗ L−1.
(Here Ta : A→ A is the translation by a ). We have φL = 0 iff L ∈ Pic0A , and φL is an
isogeny if L is ample. Thus the correspondence L 7→ φL identifies the Ne´ron-Severi group
NSA := PicA /Pic
0
A as a subgroup in Hom(A, Aˆ) . Also NSA is naturally a subgroup
of H2(A,Z) : to a line bundle L there corresponds its first Chern class, which can be
considered as a skew-symmetric bilinear form on Γ . Put c1(L) = c . Then the morphism
φL is given by the map
VA → VAˆ, v 7→ c(v, ·).
We will identify NSA either as a subgroup of Hom(A, Aˆ) or Hom(ΓA,ΓAˆ) or as a
set of (intergal) skew-symmetric forms c on ΓA such that the extension cR on VA is
J -invariant.
4.1.4. Given a morphism of complex tori f : A → B , the dual morphism fˆ : Bˆ → Aˆ is
defined.
The double dual torus
ˆˆ
A is naturally identified with A by means of the Poincare´ line
bundle on A× Aˆ and Aˆ× ˆˆA . So given a morphism f : A→ Aˆ we will consider fˆ : ˆˆA→ Aˆ
as a morphism from A to Aˆ again. Then for L ∈ NSA we have φˆL = φL .
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4.1.5. Consider the lattice Λ = ΛA := ΓA ⊕ Γ∗A with the canonical symmetric bilinear
form Q : Λ× Λ→ Z defines as follows
Q((a1, b1), (a2, b2)) = b1(a2) + b2(a1).
Let O(Λ, Q) ⊂ GL(Λ) be the corresponding orthogonal group. It is equal to
O(Λ, Q) =
{
g =
(
a b
c d
)
∈
(
Hom(Γ,Γ) Hom(Γ∗,Γ)
Hom(Γ,Γ∗) Hom(Γ∗,Γ∗)
)∣∣∣∣∣ g−1 =
(
dˆ −bˆ
−cˆ aˆ
)}
where Γ = ΓA .
Notice that if A = (V/ΓA, JA) is a complex torus, then the complex structure JA×Aˆ of
the product A× Aˆ = (ΛR/Λ, JA×Aˆ) belongs to the special orthogonal group SO(ΛR, QR) .
4.1.6. A complex torus A = (V/Γ, J) is algebraic, i.e. an abelian variety, iff there exists
c ∈ NSA such that the symmetric bilinear form cR(J ·, ·) on V is positive definite. If a
line bundle L ∈ PicA is ample then the induced map
φL : ΓA,Q → ΓAˆ,Q
is an isomorphism.
We will only be interested in complex tori which are abelian varieties.
4.2. Hodge group of an abelian variety. Let A = (VA/ΓA, JA) be an abelian variety.
Recall that the Hodge group (or special Mumford-Tate group) HdgA,Q of A is defined as the
minimal algebraic Q -subgroup G of Gl(ΓA,Q) such that JA ∈ G(R) . We have canonical
identifications
HdgA,Q = HdgAˆ,Q = HdgA×Aˆ,Q
Depending on the context we may view HdgA,Q as a subgroup of Gl(ΓA,Q) or Gl(ΓAˆ,Q)
or SO(ΛQ, QQ) .
For later use let us introduce the following notation.
Definition 4.1. Let G be an algebraic Q -group and g ∈ G(R) . Denote by 〈g〉Q ⊂ G the
smallest algebraic Q -subgroup H such that g ∈ H(R) .
For example if G = Gl(ΓA,Q) , then HdgA = 〈JA〉Q .
4.2.1. The following facts about the group HdgA are known ([Mu2], [Del1])
Theorem 4.2. Assume that A is an abelian variety.
(a) HdgA is a connected reductive algebraic Q -group without simple factors of excep-
tional type.
(b) The adjoint action of J on the Lie group HdgA(R)0 is a Cartan involution, i.e. it
is an involution whose fixed subgroup is a maximal compact subgroup K .
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(c) The symmetric space HdgA(R)0/K is of Hermitian type.
4.3. Derived category of an abelian variety. Let A be an abelian variety. In this case
the action of the group AutDb(A) preserves the integral cohomology of A , i.e. we have
the homomorphism
ρA : AutD
b(A)→ Gl(H•(A,Z))
(In [GLO] the image of ρA is denoted Spin(A) , but here we denote it G
eq(A) .) This
group tends to be big and there exists a precise description of this group in terms of the
Mukai-Polishchuk group U(A) . Let us recall it.
Definition 4.3. For an abelian variety A put
U(A) =
{
g =
(
a b
c d
)
∈
(
End(A) Hom(Aˆ, A)
Hom(A, Aˆ) End(Aˆ)
)∣∣∣∣∣ g−1 =
(
dˆ −bˆ
−cˆ aˆ
)}
So by definition we have U(A) = Aut(A× Aˆ)∩O(Λ, Q) , which also equals Aut(A× Aˆ)∩
SO(Λ, Q)) , because elements of Aut(A× Aˆ) have positive determinant.
4.3.1. For us the group U(A) is important because of the following facts.
Proposition 4.4. There exists a natural exact sequence of groups
0→ Z×A× Aˆ→ Auteq(Db(A))→ U(A)→ 1
The homomorphism ρA : Aut(D
b(A))→ Gl(H•(A,Z)) almost factors through the group
U(A) . Namely, we have the exact sequence of groups
0→ Z/2Z→ Geq(A)→ U(A)→ 1
Remark 4.5. It follows that the groups Geq(A) and U(A) are isomorphic up to finite
groups.
As explained in [GLO] the group SO(Λ, Q) does not act on the space H•(A,Z) , but its
double cover does. Namely, there is a discrete group Spin(Λ, Q) and an exact sequence
0→ Z/2Z→ Spin(Λ, Q)→ SO(Λ, Q)
The group Spin(Λ, Q) acts on H•(A,Z) = Λ•Γ∗A via the spinorial representation. More-
over we have the commutative diagram
Geq(A) →֒ Spin(Λ, Q)
↓ ↓
U(A) →֒ SO(Λ, Q)
and the action of Geq(A) on H•(A,Z) is the restriction of the spinorial representation of
Spin(Λ, Q) .
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4.4. The algebraic Q -group UA,Q . Let A be an abelian variety and let AutQ(A× Aˆ)
be the group of invertible elements in End0(A×Aˆ) := End(A×Aˆ)⊗Q . Define the algebraic
Q -group UA,Q as follows
UA,Q =
{
g =
(
a b
c d
)
∈ AutQ(A× Aˆ)
∣∣∣∣∣ g−1 =
(
dˆ −bˆ
−cˆ aˆ
)}
So UA,Q = AutQ(A × Aˆ) ∩ O(ΛQ, QQ) = AutQ(A × Aˆ) ∩ SO(ΛQ, QQ) and U(A) is the
arithmetic subgroup of UA,Q consisting of elements that preserve the lattice Λ .
Remark 4.6. Note that the algebraic Q -group UA,Q is the centralizer in SO(ΛQ, QQ) of
the group HdgA .
The group UA,Q was introduced and studied in [Pol].
Theorem 4.7. [Pol] For an abelian variety A the group UA,Q is reductive.
4.5. The algebraic Q -group U(A)Q . It will be convenient for us to consider a slightly
smaller algebraic Q -group. Namely, first consider the Q -Zariski closure in UA,Q of its
arithmetic subgroup U(A) . (In [GLO] this group was denoted U(A) .) Let U(A)Q :=
U(A)
0
be its connected component. This is the algebraic Q -group, that we will be inter-
ested in.
The main properties of this group are summarized in the following proposition.
Proposition 4.8. Let A be an abelian variety.
(1) The group U(A)Q is semisimple.
(2) The semi-simple Lie group U(A)Q(R)0 consists of all the non-compact factors of the
reductive Lie group UA,Q(R)0 .
(3) The arithmetic subgroup U(A)0 := U(A) ∩ U(A)Q(R)0 of U(A)Q(R)0 is Zariski
dense.
Proof. (1) [GLO, 5.3.5], (2) [GLO, 7.2.1], (3) [Bor, Thm.1]. 
Remark 4.9. The subgroup U(A)0 ⊂ U(A) has finite index. Since the groups U(A) and
Geq(A) are isomorphic up to finite groups, so are U(A)0 and Geq(A) (Remark 4.5).
Remark 4.10. Let A and B be abelian varieties with an identification of lattices ΛA =
ΛB = Λ which is compatible with the form Q . Assume that under this identification we
have the equality of algebraic groups UA,Q = UB,Q . Then clearly U(A) = U(B) and hence
also U(A)Q = U(B)Q , U(A)
0 = U(B)0 , etc.. (The equality UA,Q = UB,Q holds for
example when HdgA = HdgB as subgroups in SO(ΛQ, QQ) .)
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4.6. Action of the Lie group UA,Q(R) on a Siegel domain. Let A be an abelian
variety. Let us define a rational (i.e. not everywhere defined) action of the Lie group
UA,Q(R) on the complex space NSA,C ⊂ Hom(A, Aˆ)⊗ C :(
a b
c d
)
ω := (c+ dω)(a+ bω)−1,(
a b
c d
)
∈ UA,Q(R), ω ∈ NSA,C ⊂ Hom(A, Aˆ)⊗ C.
Here the multiplication is understood as composition of maps.
NSA,C contains a Siegel domain of the first kind [Pjat] on which this action is well
defined. Namely, let CaA ⊂ NSA,R be the ample cone of A , which is defined as the set of
R+ -linear combinations of ample classes in NSA . It is an open subset in NSA,R . Consider
the complexified ample cone
CA := NSA,R + iC
a
A ⊂ NSA,C
(Note that in [GLO] CA denotes the bigger set NSA,R ± iCaA which has two connected
components.)
Theorem 4.11. Let A be an abelian variety.
(1) The action of UA,Q(R) on CA is well defined and is transitive.
(2) The stabilizer of a point in CA is a maximal compact subgroup in UA,Q(R) .
(3) The action of the subgroup U(A)Q(R)0 ⊂ UA,Q(R) on CA is also transitive and
the stabilizer of a point is a maximal compact subgroup of U(A)Q(R)0 . Hence CA is the
Hermitian symmetric space for the semi-simple Lie group U(A)Q(R)0 .
Proof. [GLO, 8.2, 8.3]. 
4.7. Mirror symmetry for algebraic pairs (A,ω) following [GLO].
Definition 4.12. An algebraic pair is a pair (A,ω) , where A is an abelian variety and
ω ∈ CA .
Let us recall the notion of mirror symmetry for algebraic pairs from [GLO]. Consider the
UA,Q(R) -action on CA defined above. Given ω = φ1 + iφ2 ∈ CA , define
(4.1)
Iω :=
(
φ−12 φ1 −φ−12
φ2 + φ1φ
−1
2 φ1 −φ1φ−12
)
=
(
1 0
φ1 1
)(
0 −φ−12
φ2 0
)(
1 0
−φ1 1
)
∈ UA,Q(R)
The following proposition together with Theorem 4.11 should be compared with Theorem
4.2.
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Proposition 4.13. Consider the U(A)Q(R)0 -action on CA (Theorem 4.11). Let ω ∈ CA
and let Kω ⊂ U(A)Q(R)0 be its stabilizer. Then the following holds.
(1) The operator Iω belongs to the center of Kω (in particular Iω ∈ U(A)Q(R)0 ) and
the adjoint action of Iω on U(A)Q(R) is the Cartan involution corresponding to Kω .
(2) We have I2ω = −1 , hence Iω defines a complex structure on ΛR .
(3) The correspondence ω 7→ Iω is injective.
Proof. [GLO, 8.4.1]. 
Remark 4.14. Let ω ∈ CA . It follows from Proposition 4.13 that there is an inclusion of
algebraic Q -groups 〈Iω〉Q ⊂ U(A)Q .
Consider the real vector space VA ⊕ VAˆ . It has the complex structure JA×Aˆ . Since the
group U(A)Q(R)0 acts on VA ⊕ VAˆ , for each ω ∈ CA the operator Iω defines another
complex structure on VA ⊕ VAˆ . These complex structures commute.
Definition 4.15. [GLO, 9.2] Algebraic pairs (A,ωA) and (B,ωB) are mirror symmetric
if there is an isomorphism of lattices
α : ΛA
∼→ ΛB
which identifies the bilinear forms QA and QB and satisfies the following conditions
(4.2)
αR · JA×Aˆ = IωB · αR,
αR · IωA = JB×Bˆ · αR
Let algebraic pairs (A,ωA) and (B,ωB) be mirror symmetric. We may assume that
Λ = ΛA = ΛB and α = id . Then we obtain the inclusions of algebraic Q -groups
HdgA ⊂ U(B)Q, and HdgB ⊂ U(A)Q
as subgroups of SO(ΛQ, QQ) (Remark 4.14).
4.8. How to find a mirror symmetric pair. Let (A,ωA) be an algebraic pair. As
explained above we obtain two commuting complex structures on the real vector space
VA ⊕ VAˆ : JA×Aˆ and IωA . To find a mirror pair (B,ωB) we need the following:
(1) Find a QA -isotropic decomposition ΛA = Γ1 ⊕ Γ2 such that the vector sub-
spaces Γ1R,Γ2R ⊂ VA ⊕ VAˆ are IωA -invariant. This will give a complex torus
B = (Γ1R/Γ1, IωA |Γ1R) and the dual torus Bˆ = (Γ2R/Γ2, IωA |Γ2R) and an isomor-
phism of complex tori
((VA ⊕ VAˆ)/(ΓA ⊕ ΓAˆ), IωA) ≃ B × Bˆ
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(2) Show that CB 6= ∅ (i.e. B is an abelian variety) and there exists ωB ∈ CB such
that the operator IωB on VB⊕VBˆ = VA⊕VAˆ coincides with JA×Aˆ . This will show
that the algebraic pairs (A,ωA) and B,ωB) are mirror symmetric (take α = id ).
Actually if (1) is achieved, then (2) is automatic [GLO, 9.4.6].
Remark 4.16. (1) It is not true that for every algebraic pair (A,ωA) there exists a mirror
symmetric pair. The problem may occur if the group U(A)Q is too big and ωA ∈ CA is
chosen too general [GLO, 9.5.1]. But for every abelian variety A there exists an element
ω ∈ CA such that the pair (A,ω) has a mirror symmetric pair [GLO, 10.4.3].
(2) The mirror pair, if exists, may not be unique. However for a given pair (A,ωA) the
collection of isomorphism classes of abelian varieties B for which there exists ωB ∈ CB
such that the pairs (A,ωA) and (B,ωB) are mirror symmetric is finite [GLO, 9.2.3].
4.9. A useful lemma. We recall a result from [GLO] that will be useful later. Let A be an
abelian variety, I ∈ U(A)Q(R)0 such that I2 = −1 . Then I defines a complex structure
on ΛR . The complex structures I and JA×Aˆ commute and preserve the bilinear form
QR . The operator c := I · JA×Aˆ also preserves QR and the bilinear form QR(c(−),−) is
symmetric. Denote by EI the corresponding quadratic form on ΛR .
Lemma 4.17. The quadratic form EI is positive definite if and only if I = Iω for some
ω ∈ CA .
Proof. This is a special case of [GLO, 9.4.2]. 
4.10. Perfect algebraic pairs.
Definition 4.18. An algebraic pair (A,ω) is perfect if U(A)Q = 〈Iω〉Q (Definition 4.1).
Remark 4.19. It follows from [GLO, 8.4] that for any ω ∈ CA the algebraic Q -group
〈Iω〉Q is connected.
Lemma 4.20. Let A be an abelian variety.
(1) The set {Iω | ω ∈ CA} is a conjugacy class in U(A)Q(R)0 .
(2) Let σ be an automorphism of the Lie group U(A)Q(R)0 such that σ(Iω1) = Iω2 for
some ω1, ω2 ∈ CA . Then σ preserves the conjugacy class {Iω | ω ∈ CA} .
Proof. (1) Notice that the center Z(U(A)Q(R)0) is discrete (as the group U(A)Q(R)0 is
semi-simple) and the adjoint action of Iω on the Lie algebra Lie(U(A)Q(R)0) is the Cartan
involution corresponding to the maximal compact subgroup Kω ⊂ U(A)Q(R)0 (Proposition
4.13). Therefore for each ω ∈ CA the set of elements in U(A)Q(R)0 whose adjoint action on
the Lie algebra is the corresponding Cartan involution is the discrete set IωZ(U(A)Q(R)0) .
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All maximal compact subgroups of U(A)Q(R)0 are conjugate [Helg, Theorem 2.2]. If
gKωg
−1 = Kω′ for some g ∈ U(A)Q(R)0 , then gIωZ(U(A)Q(R)0)g−1 = Iω′Z(U(A)Q(R)0) .
As g belongs to the connected group U(A)Q(R)0 and elements Iω depend continuously
on ω , we must have gIωg
−1 = Iω′ .
(2) This follows from (1). 
Proposition 4.21. Let A be an abelian variety. Then there exists a subset Z ⊂ CA which
is a countable union of proper analytic subsets such that for every ω ∈ CA\Z the pair
(A,ω) is perfect.
Proof. We claim that for some τ ∈ CA the Lie group 〈Iτ 〉Q(R) contains the whole con-
jugacy class {Iω | ω ∈ CA} . Indeed, there exists a countable number of algebraic Q -
subgroups in U(A)Q . Let B be one such subgroup. If {Iω | ω ∈ CA} * B(R) , then
(4.3) B(R) ∩ {Iω | ω ∈ CA}
is a proper algebraic subset, so it is nowhere dense in {Iω | ω ∈ CA} . Since {Iω | ω ∈ CA}
is a Baire space, it is not a countable union of nowhere dense subsets. Therefore there
exists τ ∈ CA such that {Iω | ω ∈ CA} ⊂ 〈Iτ 〉Q(R) . Fix one such τ ∈ CA . We claim
that 〈Iτ 〉Q = U(A)Q . Both these groups are connected, so it is enough to prove the
equality of dimensions. For this it suffices to show the equality of the groups of R -points
〈Iτ 〉Q(R)0 = U(A)Q(R)0 .
First notice that 〈Iτ 〉Q(R)0 is a normal subgroup in U(A)Q(R)0 . Indeed, for any g ∈
U(A)Q(Q) , we have
g(〈Iτ 〉Q)g−1 = 〈Ig(τ)〉Q ⊂ 〈Iτ 〉Q
Since the semisimple Lie group U(A)Q(R)0 has no compact factors, the group U(A)Q(Q)
is Zariski dense in U(A)Q(R)0 [Bor, Thm.1]. So 〈Iτ 〉Q(R)0 is a normal (closed) subgroup
in U(A)Q(R)0 . Thus the Lie algebra of 〈Iτ 〉Q(R)0 consists of a number of simple factors
of the Lie algebra of U(A)Q(R)0 . But the adjoint action of 〈Iτ 〉Q(R)0 on Lie(U(A)Q(R)0)
contains a Cartan involution. Hence 〈Iτ 〉Q(R)0 = U(A)Q(R)0 . 
Definition 4.22. For an abelian variety A put C0A = CA\Z (in the notation of Lemma
4.21), i.e. C0A consists of elements ω , such that (A,ω) is a perfect pair. By Lemma 4.21
C0A is a dense subset of CA .
4.11. Mirror symmetric families of abelian varieties.
Definition 4.23. Algebraic pairs (A,ωA) and (B,ωB) which are mirror symmetric (Def-
inition 4.15) are called perfectly mirror symmetric if in addition these pairs are perfect
(Definition 4.18).
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4.12. Construction of mirror symmetric families of abelian varieties. Assume that
the algebraic pairs (A,ωA) and (B,ωB) are perfectly mirror symmetric. Identify the
lattices Λ = ΛA = ΓA ⊕ Γ∗A and ΛB = ΓB ⊕ Γ∗B via the isomorphism α (Definition 4.15),
and consider the algebraic Q -groups U(A)Q , U(B)Q , HdgA , HdgB as subgroups of the
special orthogonal group SO(ΛQ, QQ) . By assumption the group HdgA (resp. HdgB )
is the Zariski Q -closure of the complex structure IωB (resp. IωA ). Hence we have the
equalities
(4.4) U(A)Q = HdgB , U(B)Q = HdgA
(Vice versa: if equalities (4.4) hold for mirror symmetric pairs (A,ωA) and (B,ωB) then
these pairs are perfect). Since the group HdgA preserves the subspace ΓA,Q ⊂ ΛQ , so
does the group U(B)Q . It follows that for any ηB ∈ CB the complex structure IηB
on ΛR restricts to a complex structure on ΓA,R ⊂ ΛR , i.e. we get the abelian variety
AηB = (VA/ΓA, IηB ) (4.8). Symmetrically, for any ηA ∈ CA we have the abelian variety
BηA = (VB/ΓB , IηA) .
In sum we obtain two families of abelian varieties
(4.5) A := {AηB | ηB ∈ CB} and B := {BηA | ηA ∈ CA}
with bases CB and CA respectively.
Definition 4.24. We call the families A and B as in (4.5) the mirror symmetric
families of abelian varieties.
4.13. Properties of mirror symmetric families. If in the above notation in addition
ηB ∈ C0B , then
(4.6) HdgAηB = U(B)Q = HdgA
Therefore UAηB ,Q = UA,Q (Remark 4.6) and U(AηB )Q = U(A)Q (Remark 4.10). So
IωA ∈ U(AηB )Q(R)0 . We claim that (AηB , ωA) is an algebraic pair, i.e. that ωA ∈ CAηB .
To see this we consider the operator
c := IωA · JAηB×AˆηB = JB×Bˆ · IηB
By Lemma 4.17 I = IωA equals IωAηB
for some ωAηB ∈ CAηB (i.e. ωA ∈ CAηB ) if and
only if the quadratic form associated with the bilinear form Q(c(−),−) is positive definite
on ΛR . But the same Lemma 4.17 implies that this form is positive definite, as ηB ∈ CB .
So we obtain perfectly symmetric pairs (AηB , ωA) and (B, ηB) .
Symmetrically, for any ηA ∈ C0A we have the abelian variety BηA = (VB/ΓB , IηA) with
HdgBηA = HdgB and U(BηA)Q = U(B)Q
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and perfectly symmetric pairs (A, ηA) and (BηA , ωB) .
In particular we obtain the following corollary.
Corollary 4.25. (1) For any parameter ω ∈ CA there is an inclusion HdgBω ⊂ HdgB
and therefore the inclusions UB,Q ⊂ UBω ,Q , U(B) ⊂ U(Bω) , U(B)Q ⊂ U(Bω)Q U(B)0 ⊂
U(Bω)
0 . Also End(B) ⊂ End(Bω) , Aut(B) ⊂ Aut(Bω) . (And similarly for the abelian
varieties Aη , η ∈ CB .)
(2) For any ω ∈ C0A the groups HdgBω , UBω ,Q , U(Bω) , U(Bω)Q , U(Bω)0 , End(Bω) ,
Aut(Bω) coincide with the corresponding groups for B . (And similarly for the abelian
varieties Aη , η ∈ C0B .)
Actually also the ample cones of the abelian varieties {Bω | ω ∈ C0A} are the same.
Hence the complexified cone CBω is independent of ω ∈ C0A (Corollary 4.27).
Lemma 4.26. Let A = (V/Γ, J) be an abelian variety, HdgA = 〈J〉Q . Let g ∈ HdgA(R) ,
and consider J ′ := gJg−1 as another complex structure on V , so that we have the complex
torus A′ := (V/Γ, J ′) .
(1) Then A′ is also an abelian variety and we have the inclusions of Neron-Severi groups
NSA ⊂ NSA′ and of ample cones CaA ⊂ CaA′ .
(2) Assume in addition that 〈J ′〉Q = HdgA , i.e. HdgA = HdgA′ . Then CaA = CaA′ .
Proof. (1) By definition an integral skew symmetric form s on V belongs to NSA if s
is J -invariant. This happens if and only if s is invariant under all elements of HdgA(R) .
We have
HdgA′ = 〈J ′〉Q ⊂ HdgA
Hence NSA ⊂ NSA′ .
A skew-symmetric form s ∈ NSA represents an ample class if and only if the quadratic
form s(J(−),−) is positive definite on V . In this case for 0 6= x ∈ V we have
s(J ′x, x) = s(gJg−1x, x) = s(Jg−1x, g−1x) > 0
Thus s represents an ample class in A′ , so A′ is an abelian variety and also CaA ⊂ CaA′ .
(2) follows from (1), because we can interchange A and A′ . 
Corollary 4.27. (1) For any parameter ω ∈ CA we have CB ⊂ CBω .
(2) For all ω ∈ C0A there is the equality CB = CBω
Proof. (1) Let ω ∈ CA . By Lemma 4.20 the operators Iω and IωA are conjugate in the Lie
group U(A)Q(R)0 = HdgB . So by Lemma 4.26 (NSB =) NSBωA ⊂ NSBω and similarly
for the ample cones. Therefore also CB ⊂ CBω .
(2) If in addition ω ∈ C0A , then by definition 〈Iω〉Q = 〈IωA〉Q and hence HdgBω = HdgB .
So it remains to apply Lemma 4.20 and Lemma 4.26. 
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4.14. Proof of Conjecture 2.4 for mirror families of abelian varieties. By Corollary
4.25 we have U(Aω) = U(A) for ω ∈ C0B and by Remark 4.5, for any abelian variety C ,
the groups Geq(C) and U(C) are isomorphic up to finite groups. We conclude that for
the family A the group Geq(A) (2.4) is isomorphic up to finite groups to U(A) and also
to U(A)0 (Remark 4.9).
Now consider the mirror dual family
f : B → CA
We need to determine the monodromy group (Definition 2.2) of this family and to prove
that it is isomorphic up to finite groups to U(A)0 . This will require a few steps.
Recall that by our assumption we have the equality of algebraic Q -subgroups of SO(ΛQ, QQ) :
U(A)Q = HdgB (4.4). Hence in particular the group U(A)Q preserves the subspace
ΓB,Q ⊂ ΛQ and the groups U(A)Q and HdgB can (and will) be considered as subgroups
of Gl(ΓB,Q) .
Definition 4.28. Let G ⊂ Gl(ΓB) be the set of elements g for which there exist ω1, ω2 ∈
C0A (that may depend on g ) such that
(4.7) gIω1g
−1 = Iω2
Proposition 4.29. The following holds for the set G :
(1) For each g ∈ G we have gU(A)Q(R)0g−1 = U(A)Q(R)0 and gU(A)0g−1 = U(A)0 ;
(2) The conjugation action of g on U(A)Q(R)0 preserves the conjugacy class {Iω | ω ∈
CA} . In particular G is a subgroup of Gl(ΓB,Q) ;
(3) We have the inclusion of groups U(A)0 ⊂ G .
(4) G acts on the space CA and this action lifts to an action on the family of abelian
varieties f : B → CA ;
(5) The quotient C0A/G is the coarse moduli space of abelian varieties which appear in
the family B|C0A .
Proof. (1) Let g ∈ G , and let ω1, ω2 ∈ C0A such that gIω1g−1 = Iω2 . Since U(A)Q =
〈Iω1〉Q = 〈Iω2〉Q and g is an integral matrix it follows that gU(A)Qg−1 = U(A)Q . Hence
also gU(A)Q(R)0g−1 = U(A)Q(R)0 . The group U(A)0 is the subgroup of integral points
in U(A)Q(R)0 . Hence also gU(A)0g−1 = U(A)0 .
(2) The first assertion follows from Lemma 4.20. For the second one notice that G
consists of integral matrices, hence the action of g ∈ G on the conjugacy class {Iω | ω ∈ CA}
preserves the subset {Iω | ω ∈ C0A} .So G is a subgroup of Gl(ΓB) .
(3) Since U(A)0 ⊂ Gl(ΓB) consists of integer matrices, its adjoint action on the conju-
gacy class {Iω | ω ∈ CA} preserves the subset {Iω | ω ∈ C0A} . Therefore U(A)0 ⊂ G .
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(4) Recall that the correspondence ω 7→ Iω is injective, which means that G acts on
CA . If for g ∈ G and ω1, ω2 ∈ CA we have gIω1g−1 = Iω2 then g : ΓB → ΓB defines an
isomorphism of abelian varieties g : Bω1
∼→ Bω2 . Therefore the G action on CA lifts to
an action on the family B .
(5) Assume that for ω1, ω2 ∈ C0A the abelian varieties Bω1 and Bω2 are isomorphic.
Then there exists an element g ∈ Gl(ΓB) such that gIω1g−1 = Iω2 . By definition we have
g ∈ G , i.e. ω1, ω2 lie in the same orbit of the group G . 
Corollary 4.30. (1) The group G acts by automorphisms of the Lie group U(A)Q(R)0
and we have the exact sequence of groups
(4.8) 1→ Aut(B)→ G→ Aut(U(A)Q(R))
(2) The monodromy group Gmon(B) of the family B is G/Aut(B) (Definition 2.2).
Proof. (1). By Proposition 4.29 the group H acts on the Lie group U(A)Q(R)0 = HgdB(R)0
by conjugation. The kernel of this action consists precisely of operators g ∈ Gl(ΓB) such
that gR commutes with the complex structure JB on ΓB,R , i.e. g is an automorphism of
the abelian variety B .
(2) Obviously R•f∗QB is the trivial local system on CA with fiber ∧•ΓB,Q . The discrete
group G acts on this family and its action on the space of global sections of this local system
is clearly effective. By (1) the kernel of the G -action on CA is Aut(B) . Moreover by
Proposition 4.29 the quotient space C0A/G is the coarse moduli space of abelian varieties in
the family B|C0
A
. Recall that C0A is the complement of a countably many analytic subsets
in CA . It remains to show that the G/Aut(B) -action on CA is generically free, i.e. it is
free outside a countable number of analytic subsets.
The group G/Aut(B) acts effectively on the space CA which is a conjugacy class in
U(A)Q(R)0 , hence an algebraic variety. The fixed subset C
g
A ⊂ CA for any 1 6= g ∈
G/Aut(B) is a proper algebraic subvariety. Hence the set
Z :=
⋃
16=g∈G/Aut(B)
CgA
is a union of countably many proper analytic subsets and the G/Aut(B) -action on its
complement CA\Z is free. (Note that CA 6= Z , since CA is a Baire space.) So the action
on C0A\(Z ∩C0A) is also free. Thus according to Definition 2.2 the group G/Aut(B) is the
monodromy group of the family B . 
It remains to prove the following
Proposition 4.31. The group G/Aut(B) is isomorphic up to finite groups to the group
U(A)0 .
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Proof. Denote the group G/Aut(B) by H . By Corollary 4.30, H ⊂ Aut(U(A)Q(R)0) .
Since the Lie group U(A)Q(R)0 is semi-simple, the group of inner automorphisms Inn(U(A)Q(R)0)
has finite index in Aut(U(A)Q(R)0) . Put H ′ := H ∩ Inn(U(A)Q(R)0) . Again semi-
simplicity of U(A)Q(R)0 implies that its center is finite. Denote by H ′′ the preimage of
H ′ in U(A)Q(R)0 under the conjugation action homomorphism
Ad : U(A)Q(R)
0 → Inn(U(A)Q(R)0)
The groups H ′′ and H are isomorphic up to finite groups, so it suffices to show that H ′′
and U(A)0 are isomorphic up to finite groups.
Note that the inclusion U(A)0 ⊂ G (Proposition 4.29) induces the inclusion U(A)0 ⊂ H ′′
and it suffices to prove that U(A)0 is a subgroup of finite index in H ′′ . The conjugation
action of H ′′ on U(A)Q(R)0 preserves its arithmetic subgroup U(A)0 .
The assertion now follows from the general lemma.
Lemma 4.32. Let G be an algebraic Q -group such that G(R) is a semisimple Lie group
without compact factors and let L ⊂ G(R) be an arithmetic subgroup. Then L has finite
index in its normalizer N := NG(R)(L) .
Proof. First notice that by Borel’s theorem [Bor, Thm.2] the normalizer N is contained in
the group G(Q) of rational points of G . But N is a closed subgroup of G(R) , so N is
discrete.
By a theorem of Borel and Harish-Chandra [BorHC, Thm.1] the arithmetic subgroup
L ⊂ G(R) is a lattice, i.e. the homogeneous space G(R)/L has finite volume.
Let 1 ∈ U ⊂ G(R) be a neighborhood of identity with U ∩ N = 1 , and let V be a
symmetric neighborhood of 1 with V 2 ⊂ U . The subsets {nV }n∈N are disjoint sets of the
same positive Haar measure and there are [N : L] -many of them that project injectively
into G(R)/L . The latter has finite volume, so N/L is finite. This proves the lemma and
completes the proof of Proposition 4.31. 

Summarizing the discussion we can formulate the final result.
Theorem 4.33. Conjecture 2.4 holds for mirror families of abelian varieties.
4.15. An example of mirror symmetric families of abelian varieties. We will con-
struct an example of perfectly mirror symmetric algebraic pairs (which then by construction
in 4.12 gives rise to mirror symmetric families of abelian varieties).
Start with a lattice Γ = ⊕2ni=1Zei and a skew symmetric form s on Γ defined by
s(ei, ej+n) = δij for 1 ≤ i, j ≤ n
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Consider the operator J0 ∈ Gl(Γ)
J0(ei) = −ei+n, J0(ei+n) = ei for 1 ≤ i ≤ n
Then J20 = −1 . Moreover, J0 preserves the bilinear form and for each 0 6= γ ∈ Γ we
have s(J0γ, γ) > 0 . That is the symmetric bilinear form b(v,w) := sR(J0v,w) is positive
definite on V := ΓR . Therefore J0 is a complex structure on the R -vector space V and
A = (V/Γ, J0) is an abelian variety with polarization s .
Consider the symplectic Lie group Sp(V, sR) . We have J0 ∈ Sp(V, sR) and the central-
izer of J0 is the maximal compact subgroup
KJ0 := {g ∈ Sp(V, sR) | b(gv, gw) = b(v,w) for all v,w ∈ V }
The operator AdJ0 is a Cartan involution on the Lie algebra Lie(Sp(V, sR)) corresponding
to the subgroup KJ0 . Let C(J0) ⊂ Sp(V, sR) be the conjugacy class of J0 . We get a family
of abelian varieties {AJ := (V/Γ, J) | J ∈ C(J0)} with polarization s . As in the proof of
Proposition 4.21 one can show that for a general J ∈ C(J0)
(4.9) 〈J〉Q = Sp(ΓQ, sQ) = Sp2n,Q
Fix J ∈ C(J0) such that 4.9 holds. Then the corresponding abelian variety A = (V/Γ, J)
has NSA = Zs . Moreover, End(A) = End(Aˆ) = Z and Hom(A, Aˆ) = Zs , Hom(Aˆ, A) =
Zs−1 . Therefore the group U(A) is isomorphic to SL2(Z) , and
UA,Q = U(A)Q = SL2,Q
As usual we may consider the group HdgA = Sp2n,Q as a subgroup of the special orthog-
onal group SO(ΛA,Q) . Then it is easy to see that HdgA is the centralizer of U(A)Q in
SO(ΛA,Q) . Hence HdgA and U(A)Q are mutual centralizers in SO(ΛA,Q) .
Since NSA = Z , for any ωA ∈ CA the algebraic pair (A,ωA) has a mirror symmetric
pair (B,ωB) (moreover in our case B is a power of an elliptic curve) [GLO, 9.6.3]. As
usual we may assume that ΛA = ΛB = Λ . Let us choose ωA so that the pair (A,ωA) is
perfect, i.e. 〈IωA〉Q = U(A)Q (Proposition 4.21). Then we claim that the corresponding
pair (B,ωB) is also perfect. Indeed, by definition
〈IωB 〉Q = 〈J〉Q = HdgA = Sp2n,Q
which is the centralizer of
U(A)Q = 〈IωA〉Q = HdgB
in SO(ΛQ) . But U(B)Q is contained in the centralizer of HdgB , hence 〈IωB 〉Q = U(B)Q ,
i.e. the pair (B,ωB) is perfect.
We have constructed perfectly mirror symmetric pairs of abelian varieties (A,ωA) and
(B,ωB) , which give rise to a mirror symmetric pairs of abelian varieties as in 4.12.
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5. Calabi-Yau hypersurfaces in dual toric varieties
5.1. Many (conjectural) examples of mirror symmetric families of Calabi-Yau varieties were
constructed by Batyrev [Bat]. He starts with two dual lattices M ≃ Zn+1 and N = M∗
and a pair of dual reflexive polytopes ∆ ⊂ MQ , ∆∗ ⊂ NQ . These polytopes define a pair
of dual projective Gorenstein toric Fano varieties P∆ and P∆∗ . The corresponding families
Y and Y∗ of anticanonical Gorenstein Calabi-Yau divisors in P∆ and P∆∗ are expected
to be mirror symmetric.
From our perspective the problem here is that both families Y and Y∗ may consist
of singular Calabi-Yau varieties, in which case we do not want to consider their derived
categories. We can only test our Conjecture 2.4 in case the general member of the family
is smooth.
It is proved in [Bat] that there always exist maximal projective crepant partial (MPCP)
toric resolutions Pˆ∆ → P∆ and Pˆ∆∗ → P∆∗ . The projective toric varieties Pˆ∆ and Pˆ∆∗
correspond to simplicial fans (in NQ and MQ respectively), hence they have only quotient
singularities. Moreover the pullbacks X and X ∗ of families Y and Y∗ will consist of
projective n -dimensional Gorenstein Calabi-Yau varieties which are quasi-smooth, i.e. have
only quotient singularities. In particular, for members X and X∗ of these families the
rational cohomology spaces H•(X,Q) and H•(X∗,Q) satisfy Poicare duality and possess
pure Hodge structure.
The main result of [BatBor] implies the mirror symmetry for the corresponding Hodge
numbers
(5.1) hp,q(X) = hn−p,q(X∗), 0 ≤ p, q ≤ n
It might happen that varieties X and X∗ are smooth (this is always so if n = 3 [Bat])
in which case one can test Conjecture 2.4 for the families X and X ∗ and we believe that
it holds. Unfortunately we are unable to prove this in full generality. Instead we have some
partial results in the direction of the conjecture. Let us make two assumptions.
Assumption A. We assume that the polytope ∆ is integral, i.e. ∆ ⊂ M , and that the
projective Gorenstein toric Fano variety P∆ is smooth.
This implies that Pˆ∆ = P∆ , X is the family of (very ample) smooth anticanonical
divisors in P∆ . So all members X of the family X are smooth projective Calabi-Yau
varieties.
Assumption B. We assume that n = dimX is odd.
MIRROR SYMMETRY: MONODROMY AND AUTOEQUIVALENCES OF THE DERIVED CATEGORY 27
The two assumptions imply that the Hodge diamond of X is a cross:
(5.2) H•(X,Q) = Hn(X,Q) ⊕ (⊕pHp,p(X,Q))
Indeed, X is a hyperplane section of a smooth projective toric variety P∆ whose cohomol-
ogy consists of algebraic cycles. It remains to apply the weak Lefschetz theorem to the pair
X ⊂ P∆ .
The group Geq(X) acts trivially on the middle cohomology Hn(X,Q) and preserves the
Mukai pairing on the even cohomology Heven(X,Q) = ⊕pHp,p(X,Q) . Because c1(X) = 0
and dimX is odd, this Mukai pairing is skew-symmetric [Huyb, Exercise 5.43]. Therefore
Geq(X) ⊂ Sp(Heven(X,Q)) .
On the mirror side we have no reason to believe that the general member X∗ of the dual
family X ∗ is smooth. However the relation (5.1) implies that
(5.3) dimHeven(X,Q) = dimHn(X∗,Q) and Heven(X∗,Q) = dimHn(X,Q)
The monodromy group of Gmon(X ∗) acts trivially on the even cohomology Heven(X∗,Q)
and preserves the Poincare pairing on the middle cohomology Hn(X∗,Q) . Since n is odd
this pairing is skew-symmetric and therefore Gmon(X ∗) ⊂ Sp(Hn(X∗,Q)) .
We find that the discrete groups in question, Geq(X) and Gmon(X ∗) , are contained in
isomorphic symplectic groups.
Remark 5.1. (1) Notice that in fact Gmon(X ∗) is contained in Sp(Hn(X∗,Z)) and we
expect that it is a subgroup of finite (small) index. For the family of smooth hypersurfaces
in a projective space this is a theorem of Beauville [Beau].
(2) On the other hand the action of Geq(X) = Geq(X ) on Heven(X,Q) does not in
general preserve the lattice Heven(X,Z) . However it preserves a different lattice, which
is the image of the topological K-theory K0top(X) under the Mukai vector isomorphism
v : K0top(X)⊗Q→ Heven(X,Q) [AdTho].
We expect the groups Gmon(X ∗) and Geq(X ) to be arithmetic subgroups in the corre-
sponding isomorphic symplectic groups Sp(Hn(X∗,Q)) and Sp(Heven(X,Q) (which would
prove Conjecture 2.4 for families X and X ∗ ).
5.2. The next theorem is an indication that Geq(X) may indeed be an arithmetic subgroup
of Sp(Heven(X,Q)) .
Theorem 5.2. For every member X of the family X the discrete group Geq(X) is Zariski
dense in Sp(Heven(X,Q)) .
Proof. As explained above, the Mukai pairing is skew-symmetric and the action of Geq(X)
on Hn(X,Q) is trivial. Hence Geq(X) ⊂ Sp(Heven(X,Q)) . Let Geq(X) ⊂ Sp(Heven(X,Q))
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be the algebraic subgroup which is the Zariski closure of Geq(X) . To prove the equality
Geq(X) = Sp(Heven(X,Q)) it suffices to show the equality of the Lie groups Geq(X)(C) =
Sp(Heven(X,C)) .
Since the smooth projective variety X is Calabi-Yau, every line bundle L on X is a
spherical object in Db(X) and as such it defines the corresponding spherical twist functor
TL [Huyb, Def. 8.3] which is an autoequivalence of the derived category D
b(X) . For
any spherical object E ∈ Db(X) the action of the corresponding twist functor on the
cohomology H•(X,Q) is the reflection with respect to the Mukai vector v(E) :
rv(E)(x) := x− 〈v(E), x〉v(E)
where 〈−,−〉 is the Mukai pairing on H•(X,Q) [Huyb, 8.12]. Let
Q = {δ ∈ Heven(X,C) | rδ ∈ Geq(X)(C)}
Note that Q is a closed subset in Heven(X,C) and v(M) ∈ Q for all line bundles M ∈
Pic(X) . If δ ∈ Q and g ∈ Geq(X)(C) , then also
rg(δ) = g · rδ · g−1 ∈ Geq(X)(C)
So Q is Geq(X)(C) -invariant.
Moreover, if δ ∈ Q , then for k ∈ Z
(5.4) rkδ (x) = x− k〈δ, x〉δ for all x ∈ Hn(X,C)
It follows that for any δ ∈ Q the 1-parameter subgroup
Uδ = {x 7→ x+ λ〈x, δ〉δ | λ ∈ C}
belongs to Geq(X)(C) . In particular the whole line spanned by δ is in Q .
At this point we recall the following lemma of Deligne.
Proposition 5.3. Let (V, ψ) be a finite dimensional symplectic C -vector space, G ⊂
Sp(V, ψ) an algebraic subgroup. Let R ⊂ V be an G -orbit, which spans V . Assume that
for every δ ∈ R , G contains the 1-parameter subgroup Uδ = {x 7→ x+ λ(x, δ)δ | λ ∈ C} .
Then M = Sp(V, ψ) .
Proof. This is [Del3, Lemma 4.4.2] 
To apply this proposition to our case V = Heven(X,C) , G = Geq(X)(C) it suffices
to find an element of Q , whose Geq(X)(C) -orbit spans Heven(X,C) . We will show that
the fundamental class η ∈ H2n(X,C) is such an element. For this we will analyze Mukai
vectors v(L) of line bundles and their Mukai pairing 〈v(L1), v(L2)〉 .
For a ∈ Heven(X,Q) we denote its i -th homogeneous component by ai .
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Lemma 5.4. The Mukai vectors v(L) of line bundles L ∈ Pic(X) span the vector space
Heven(X,Q) .
Proof. First notice that the ring Heven(X,Q) is generated by H2(X,Q) = NS(X)Q . In-
deed, it is well known that the cohomology ring H•(P∆,Q) of the nonsingular projective
toric variety P∆ is generated by H2(P∆,Q) = NS(P∆)Q . The smooth subvariety X ⊂ P∆
is a hyperplane section, so by the weak Lefschetz theorem the part H<n(X,Q) is generated
by H2(X,Q) = NS(X)Q . Now the hard Lefschetz theorem for X implies that the whole
ring H•(X,Q) is generated by H2(X,Q) .
To prove the lemma recall that
v(F ) = ch(F ) ∪
√
tdX
where (
√
tdX)0 = 1 and hence
√
tdX is invertible in the ring H
even(X,Q) . So it suffices
to show that the Chern characters of line bundles span Heven(X,Q) . Let L1, ..., Lp be line
bundles such that c1(L1), ..., c1(Lp) form a basis of H
2(X,Q) . Put xi := c1(Li) . Then
monomials xm = xm11 · ... · xmpp span Heven(X,Q) and hence the Chern characters
{ch(Lk11 ⊗ ...⊗ Lkpp ) =
∑
m1,...,mp≥0
km11 · ... · kmpp
m1! · ... ·mp! x
m1
1 · ... · xmpp | k1, ..., kp ∈ Z}
span Heven(X,Q) as well. 
Let η ∈ H2n(X,Q) be the fundamental class. Fix an ample line bundle L . Then the
top component (v(Lm))2n of the Mukai vector v(L
m) as a function of m is
amnη + lower terms, with a > 0
whereas the components (v(Lm))2d with d < n grow no faster than m
d . So as m → ∞
the lines spanned by the Mukai vectors v(Lm) will tend to the line H2n(X,C) . Since Q
is a closed subset of Heven(X,C) we find that the line H2n(X,C) ⊂ Q . So η ∈ Q .
Note that for any line bundle M ∈ Pic(X)
rv(M)(η) = η − 〈v(M), η〉v(M) = η − v(M)
[Huyb, 5.42]. Let M1, ...,Mt be line bundles whose Mukai vectors span H
even(X,C) . Then
the vectors η and rv(Mi)(η) span H
even(X,C) and belong to an orbit of Geq(X)(C) , which
completes the proof of Theorem 5.2. 
5.3. On the mirror side we have no definite results. However let us recall the situation with
the universal family of d -dimensional hypersurfaces Y → S in a projective space Pd+1 .
Assume that d is odd. Let S0 ⊂ S be the subset parametrizing smooth hypersurfaces, s ∈
S0 and Ys the corresponding smooth hypersurface. We are interested in the monodromy
representation of π1(S
0, s) in the middle cohomology Hd(Ys) . A theorem of Beauville
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[Beau] asserts that the monodromy group is a subgroup of finite index in the corresponding
arithmetic group Sp(Hd(Ys,Z)) . The proof of this theorem uses a trick and relies on earlier
results of [Jan]. However it is relatively easy to prove that the monodromy group is Zariski
dense in Sp(Hd(X,Q)) . Recall the relevant well known facts [Voi].
(1) For most projective lines ∆ ≃ P1 ⊂ S the restriction of the universal family Y → S
to ∆ is a Lefschetz pencil. That is there exist a finite number of critical values t1, ..., tn ∈ ∆
and the corresponding singular fibers Yi have a unique nondegenerate singular point.
(2) The map of the fundamental groups π1(∆ ∩ S0, s)→ π1(S0, s) is surjective.
(3) For each ti there exists a unique vanishing cycle δi ∈ Hd(Ys,Q) with the following
properties:
• The cycles δi , i = 1, ..., n span Hd(Ys,Q) .
• The local monodromy around ti is the reflection about δi , i.e. it is x 7→ x±(x, δi)δi ,
where (−,−) is the skew-symmetric Poincare pairing on Hd(Ys,Q) .
• The monodromy representation of π1(∆ ∩ S0, s) in Hd(Ys,Q) is irreducible.
It is not difficult to deduce from (3) that the monodromy group is Zariski dense in
Sp(Hd(Ys,Q)) [Del2, 5.11].
We recalled the case of hypersurfaces in the projective space to stress the analogy between
the monodromy group Gmon and the group Geq as in Theorem 5.2. Indeed, both groups
contain ”many reflections”.
Coming back to our family X ∗ of quasi-smooth Calabi-Yau varieties in Pˆ∆∗ , we don’t
know if Lefschetz pencils with the properties (1),(2),(3) exist, and so we do not know how
to analyze the monodromy group Gmon(X ∗) .
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